Pattern Recognition Pergamon Press 1971, Vol. 3, pp. 269-280. Printed in Great Britain

Behavioral Problems of Deaf Children:
Clustering of Variables Using Measures of
Association and Similarity

ROBERT M. HARALICK and JOY GOLD HARALICK

Center for Research, Inc., University of Kansas, Lawrence. Kansas, US.A.

(Received 9 February 1970 and in revised form 3 September 1970)

Abstract—A statistical measure of similarity distinct from a measure of association is introduced. By this measure
two things are highly similar, if and only if their respective associations with all other things are the same. In this
paper, measures of association and similarity are combined to perform a cluster analysis of variables concerned
with behavioral problems of deaf children. The four major clusters which emerge are identified as characteristics:
of anxiety, hot temperedness, inattentiveness, and social withdrawail. The clusters obtained by the combined
measutcs are compared with the clusiers obtained by each measure alone.

INTRODUCTION

THERE are numerous instances of the use of association measures in data analysis. Sometimes
these measures are called “association,” sometimes “similarity.”” but in almost all cases
the measures indicate a degree of co-occurrence or contiguity between two data items or
characteristics. (GooDMAN and KRUSKAL,(*? have a comprehensive discussion of associ-
ation measures). However, the degree of co-occurrence or continguity is not the only type
of statistical relatedness that can exist between two things.

Another type of statistical relatedness is concerned with sameness or similarity, and it is
of an entirely different character than association. A clear exampie of this difference occurs
in the information retrieval area where one is concerned with the relationship between index
terms used to characterize documents.**) For instance. there will be a high pairwise
association between terms like electromagnetic and wave, frequency and wavelength,
neutrinos and lifetime, acceleration and velocity and high similarities between terms like
acoustics and sound, beams and rays, bright and intense, constant and fixed, absolute and
relative, Highly associated terms are different aspects of one area of knowiedge, while
terms with high similarity are terms which are Synonyms, near synonyms, or antonyms.
Similar words are words which occur in the same or similar context: LiBBEY,”®" LEWIS,
BAXENDALE and BENNETT!® ROSENFELD, HUANG and ScHNEIDER,'”? and STiLES'® have
suggested measures of such similarity,

Both the measures of association and similarity are convenient for clustering variables.
In such clustering procedures one attempts to group together in clusters those variables
which are measuring the same processes or subsystems in an environment. The grouping
is usually done as follows : those highiy related variables are put in the same cluster while
those which are unrelated are put in different clusters. Hence, clusters are maximal groups
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of highly related variables. BALL.® SOKAL and SNeaTH,"'® BonNNER'''' discuss various
clustering procedures, and GaskING''?! has an excellent discussion of the cluster concept
for those readers who would like an in-depth study of this subject. In this paper we use a
measure of simifarity together with a measure of association to cluster some behavioral data
taken of audiaily handicapped children.(!

GENERAL DISCUSSION OF CLUSTERING

The scientist. in attempting an understanding of the environment which he chooses
to study, decides on a set of N instruments. or variables x,. x,.... .. vy which he considers
to be of probable relevance. When the instrument or variabie x; is applied to measure a
given unit u or sample member in the environment. it takes on some value x(u)in its possible
range set of values L, The scientist chooses M sample units u; , u,..... Uy for the purpose
of gaining information about the environment of which the units are supposed represent-
ative. Each of the sample units is measured by each of the N instruments or variables. The
data sequence D, thus obtained. is a sequence of M measurements, each measurement
being an N-tuple, the N depending on the number of variables used.

D = {[xy(u), x30uy), .. ., xp(uy )],

[ealuz), xa(uz), .. ., xplus)],
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The first type of examination the scientist usually makes of the data sequence D is one which
determines the strength of relationships between the instruments or variables x,,.. ... Xy
The idea behind such an examination is to determine those processes or subsystems within
the environment which are seen as distinct by the instruments. The underlying hypothesis
is that those instruments or variables which are highly reiated are measuring characteristics
having to do with the same environmental processes or subsystems. To determine sub-
systems or processes, the variables are usually grouped on the basis of strength of relation-
ships, and each distinct group or cluster of variables is identified with a separate subsystem
or process. ldeally, each group is a subset of variables all highly interrelated with one
another and minimally related to those variables outside the group. The groups of variables
are also minimally overlapping.

One way to begin grouping the variables is to pick out those pairs of variables having
the highest association, and put them in the same group. In doing this. we construct a binary
relation R on the set of variables X

At this point it is well to make some basic formal definitions. A set A containing the
elements a,,a,.....ay will be written as 4 = {a,,a,,....a;}. A Cartesian product of
two sets 1s the combination of cach element in each set with each element of the other set.
It is a cross-product set. The Cartesian product AxBofaset 4 = la,.a...... ar} and
asetB= b b, . ... bsy 18 defined by

A% B = {{a,. by)day. by .. .. ldy. bs) (s, by} (da, ba). ..o lds. bg)

cdap b lar by, lar byl
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A set R which is a subset of Ax B, R = 4 x B, is called a binary relation from 4 to B.
A set R which is a subset of A x 4, R = A x A, is called a binary relation on A. If p;; is the
measure of association between variable x; and variable x;, the binary relation R on the set
X, which we have constructed by picking out these pairs of variables with high enough
associations is defined by

R = {(x;, xjlp; > 8}

(read as R is the set of all pairs of variables (x;, x;) whose association p;; is greater than 6).
BonNER!! !* has suggested an algorithm suitable for the computer which determines “‘clus-
ters” from the rejation R. He considers an ideal core cluster to be a subset C of X such that
C = Cis a subset of R, and C is maximal. Because this definition of core 15 too strict to be a
cluster, (it allows many small but ideal highly overlapping subsets each to be called a cluster)
his algorithm determines clusters by starting with the cores and enlarges them by adding
to them other cores which highly overlap with them.

Because our present concern is with the determination of R, using both association
and similarity measures, rather than with an algorithm for the determination of the clusters,
we will discuss a direct intuitive approach to the formation of clusters from the relation R.
Consider the nature of R: R is a set of ordered pairs and a listing of the many ordered pairs
of variables which compose the relation R is a poor way of obtaining the clustering inform-
ation, because the list may be so long that it cannot be meaningfully absorbed. The problem
here is not with the adequacy of the information but with the way in which the information
is displayed.

One solution to the display problem is to display R as a single picture of arrows con-
necting numbered circles or nodes. Such a picture is called a digraph. The nodes represent
elements in X, and the arrows represent elements in R. If (¢;, ;) is in R, then an arrow is
drawn connecting node g; to node ;. An example of this is provided by Fig. 1. If the relation
R is symmetric, that is if (@;, a;) € R implies (a;, ;) € R, the two headed arrows in the picture
may be replaced by a line. The picture is then called a graph.

Drawing a graph or digraph of the relation R does not necessarily guarantee that its
information is more readily absorbed than it would be if it were presented in list form.

!

R, xd (o, rad (g, xg) (s, 49 )}C Xu X

O—)

X-{xf, Xy, K3, xa}

Fii. 1. [llustraies the digraph for relation R.
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However. one has better opportunities {0 organize the picture than to organize the list.
For example, if the graph is organized so that those nodes which are all highly inter-
connected remain close together. then the crossing of lines will be minimized. and the
respective clusters of variables will become readily apparent. This kind of organization
shows the clusters (highly interconnected nodes) and also shows the bottlenecks, which are
nodes or lines lying between clusters. We call such nodes and lines bottlenecks, because
if we imagine automobiles traveling from node to node via the lines, traffic bottlenecks will
occur on those nodes and lines lying between the clusters.

Once a graph is organized in a cluster-bottleneck fashion, the nodes are interpreted in
accordance with the following hypothesis. The nodes in a single cluster represent variables
or instruments measuring one environmental subsystem or process. The nodes which lie
between clusters represent instruments or variables measuring a common characteristic
of two environmental processes or subsystems. Those nodes which are connected to each
other, but which lie in two different clusters, represent variables measuring characteristics
of a third less important process which overlaps the two processes represented by the two
clusters. Within a given cluster, the nodes which connect to the maximal number of other
nodes in that cluster, indicate characteristics which are the focus or essence of the process
represented by the cluster : they give the cluster the “name” which designates the underlying
dimension being measured.

SIMILARITY

Our general discussion would be over if its interpretation were limited only to nodes
in a graph constructed from a relation derived from association coefficients. The weakness
behind such a limited interpretation is that some variables (nodes) may each be measuring
characteristics which are indirectly related to more than one environmental subsystem.
As a matter of fact, it is probable that this i1s the usual case, because one subsystem usually
controls or is controlled by another subsystem. Such indirect relationships cause high
associations, and subsystems whose respective variables are highly associated will not be
separated by the clusters of an association graph. Therefore, another measure of relationship
must be used in conjunction with an association measure to enable a distinction to be made
between highly associated subsystems. We suggest that one such useful relationship
measure is that of similarity.

Similarity is a relationship of commonness. Once the notion of “‘common with respect
to’” is defined, the ordinary language notion of similarity works in the following way. The
extent to which two things have commeon parts, elements, or relations is the extent to which
they are similar, For us, common will mean common associations. Two variables which
have almost identical associations with ail the remaining variables will be highly simiiar.
TryoN,' *'in 1939, used this idea of similarity in his correiation profile analyses.

Completely associated variables are completely similar: highly associated variables
are generaily highly similar. However, variabies which are highly similar are not neces-
sarily highly associated. The concept of functional similarity in biology, anthropology
and sociology is an example of cases where variables may even be mutually exclusive but
be highly associated with the same other variable, and thus with respect to that variable
highly simiiar. For example. God-directed praver and magical incantation are similar in
their retationship to personal stress. They tend however. to usuaily be more or less exclusive
of each other in that they arise in different social groups.
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Unlike association, similarity is a context dependent concept. In our case, the context
is the variable set X : similarity depends on the set of variables chosen to measure the
environment.

Association is context independent. because it is only defined on the basis of the pairwise
joint distributions of the pair of variables involved. This joint distribution is the same
regardless of which other variables one choses to put in the variable set. Similaritv. because
it involves the comparison of ali the inter-variable associations, must certainly depend on
which variables are put in the variable set.

There are obvious disadvantages of context dependent measures. For example. suppose
that two researchers are examining the same popuiation. using the same sample. One
researcher uses variables x. y, d,.u».....ay; the other researcher uses variables x, . b, .
ba,....by. The similarity coeflicient between x and y calculated by the first researcher is
not necessarily the same as that calculated by the second researcher. because x and y may
be very similar in terms of both having a high association with q; variables and may not be
very similar at all in the association with any of the 5, variables. However. we hypothesize
that if all the variables or instruments are chosen carefully and if N is large. the two different
values for similarity will indeed be close.

The formal definition for similarity s;; between the ith and jth variables is as follows:

o= | Z‘: | | where p,, is the association
T UAN=Y) e Pin = P jals between the ith and nth
n#ij variables and —1 < p;, < +1.

{fvariables x; and x; are highly similar s;; will be just less than one: if they are aimost com-
pletely dissimilar s;; will be close to zero.

SIMILARITY AND ASSOCIATION RELATION

Both the association and similarity measures may be used to construct the relation R.
First the association relation R, is constructed. as usual.

R, = :[xi-.xj)lpij > 0,5
Then the similarity relation R, is constructed by
R, = Hxi~xj)lsij >t

The total relation R. which includes only those variables which are both highly associated
and highiyv similar, is defined by the intersection of R, and R, :

R=R, "R, = {x.xplp; >0, ands; > 0.

The pair (x,. x;) is a member of relation R if und only if both the association p;; and the
similarity s;; ure great enough.

The total relation R may have the same shortcoming which the association relation R,
has: however. it intuitivelv seems that two environmental subsvstems or processes which
are both highly similar and highly associated are one and the same. [f a counter-example to
this claim can be found. it would be most instructive. for it wouid probably lead to sull
further concepts of statistical relatedness.
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. Oddness. bizarre behavior
. Restlessness. inability to sit still
Attention-seeking, "show-off ™ behavior
. Stays out late at night
Doesn’t know how to have fun ; behaves like a little adult
. Self-consciousness. easily embarrassed
. Fixed expression, lack of emotional reactivity
. Disruptiveness, tendency to annoy and bother others
. Feelings of inferiority
10. Steals in company with others
L. Boisterousness. roudiness
12. Crying over minor annovances and hurts
3. Preoccupation: “"in a worild of his own™
4. Shyness. bashiulness
I5. Social withdrawal. preference for solitary activities
16. Dislike for school
17. Jealousy over attention paid other children
18. Belonegs to a gang
19. Repetitive speech
20. Short attention span
21. Lack of self-confidence
22, Inauentiveness to what others say
23. Easily fAlustered and confused
34. Incohereni speech
15, Fighting
26. Loyal to delinguent friends
27. Temper tantrums
28. Reticence, secretiveness
29. Truancy {rom school
30. Hypersensitivity: feelings hurt easily
31. Laziness in school and in performance of other tasks
32. Aunxiety, chronic general fearfuiness
33. Irresponsibility. undependability
34, Excessive daydreaming
35. Masturbation
36. Has bad companions
37, Tension. inability to relax
38. Disobedience, difficulty in discipiinary control
39. Depression. chronic sadness
H, Uncooperativeness in group situations
41. Alootness. social reserve
42. Passivity, suggestibility : eastly led by others
43, Clumsiness. awkwardness. poor muscular coordination
44, Hyperactivity: “always on the go™
43, Distractibility
46, Destructiveness in regard (o his own and/or other's properiy
47. Negativism. tendency to do the opposite of what is requested
48. lmpertinence. sauciness
49. Sluggishness. lethargy
30. Drowsiness
L. Profane language. swearing, cursing
2. Nervousness. jitteriness. jumpiness: easily startied
53. Irritability : hot-tempered. easily aroused to anger
4, Enuresis. bed-wetting
55. Often has physical complaints: e.g., headaches. stomach ache

\ECA‘.-IO‘}J-I‘—_&-IIJ-—'

Fie;. 2 Behavioral problem checklist developed by Dr. Ronald Peterson and Dr. Herbert Quay al the
Childrens Research Center. University of Illinois. Champaign. lllineis, 1967.
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RESULTS

To determine the validity of the above discussion. the following experiment was tried
for binary data obtained from a behavioral problem checklist on deaf children {see Fig. 2.
Since the data was binary, the ¢ coefficient was used as a measure of association :

Ple;=1,x; = 1)P(x; = 0, x; = 0)—Plx; = 1, x;, )P(x; = 0, x;=1)
JPlx; = DP(x; = 0Px; = DP(x, = 0) '

¢’:‘j =

The association relation, illustrated in Fig, 3, was defined by

R, = {{x;, xl¢;; is the top deciie of ¢ coefficients}

FiG. 3. Ten per cent association graph using ¢ coefficient.

and consists of all those ordered pairs (x;, x;) having ¢ coefficients ¢;; taking values in the
top 10 per cent of ¢ coefficients in the set {¢,ln = 1,2,....,N,m = ,2,....N!. The
similarity relation. illustrated in Fig, 4, was defined by

R; = i(x;, x)ls;; is in the top decile of similarity coefficients!

and consists of all those ordered pairs (x;, x;) having similarity coefficients taking values
in the top 10 per cent of similarity coefficients. The total relation R. illustrated in Fig. 5.
was defined by

R=R,nR,.

The graphs obtained by using R,, R, and R differ markedly from one another. This may
be seen by examining the respective graphs illustrated in Figs. 3-5 and the general picture
of the clusters of variables shown in Fig, 6.
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Fic. 3. Ten per cent similarity and association graph using 4 coetficient.



Behavioral problems of deaf children

2 RESTLESSNESS

I 3 ATTENTION-SEEKING
8 DISRUPTIVENESS

11 BOISTERQUSNESS

1 ODDHESS
27 TEMPER TANTRIMS
33 IRRESPONSIBEL!ITY

I 25 FIGHTING
38 DISOBEDIENCE

l 48 IMPERTINENCE
JRBITAR]I [TY

46 DESTRUCTIVENESS
47 NEGATIVISM

&0 UNCOOPERATIVERESS |

=]
20 SHORT ATTENTEON 13 PREUCCUPATI[}HL
22 INATTENTIVENESS l 15 SOCIAL WITHBRARAL |
31 LAZ]NESS 28 RETICENCE
33 1RRESPONSIBILITY I 3? EEESE:EQ“ I
34 DAYDREAMING
45 DISTRACTIBILITY | 49 SLUGGISHNESS I

——  — SIMILARITY
= ASSOCIATION

i

I 9 INFERIORITY |
12 CRYING

| 21 NO SELF-CGHFIZZHCE '
| |
| |

o
b LR
30 HYPERSENSITIVITY
32 ANXIETY
37 TENSION
42 PASSIVITY

| MMM |

F16. 6. Ulustrates the relationships between the similarity association and combined clusters.

THE ASSOCIATION CLUSTERS

The association measure vields three major clusters of variables. These clusters may
be labeled as aggressive disobedience. social withdrawal. and anxiety. The largest cluster
is that characterized as aggressive disobedience. This cluster includes a very wide range of
variables including: irresponsibility, negativism. disruptiveness. stealing. iantrums.

with links to fifteen other variables within the cluster and fighting with links to thirteen
other variables in the cluster. Restlessness and disruptiveness have a large number of intra-
cluster links (twelve and eleven respectively), irritability. tantrums. and disruptiveness
are linked 1o eleven other variables. There are twenty-two variables in this cluster.

The next largest cluster obtained {rom the association measure is the social withdrawal
cluster which contains fifteen variables. These variables include social withdrawal. sluggish-
ness. aloofness. reticence and drowsiness. The focal nodes are davdreaming which is
connected to nine of the cluster variables and laziness which is connected to eight.

The smatlest cluster obtained from the association measure is the anxtety cluster, This
cluster has thirteen variables which include: shvness. hypersensitivity. anxiety. nervousness.
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tension. and depression. The focal nodes are anxiety, with links to six variables. and lack of
seif confidence. inferiority feelings and negativism, with links to five other variables in the
cluster.

THE SIMILARITY CLUSTERS

The similarity measure yields five major clusters of variables. These clusters may be
labeled bad companions, inattentiveness, temper related outbursts, expressive problems
and anxiety.

The largest cluster is the anxiety cluster with twenty-one variables. These variables
include anxiety, nervousness, crying, aloofness, drowsiness and social withdrawal. The
focal nodes of this cluster are easily flustered with links to twelve other variables, passive
with links to eleven other variables, reticent with links to ten other variables, and clumsy
with links to ten other variables in the cluster.

The next largest cluster is that of temper related outbursts. This cluster contains thirteen
variables. These include tantrums, irritability, restlessness, impertinence, disruptiveness,
fighting and disobedience. The focal nodes are irritability with links to ten other variables,
fighting with links to eight other variables, impertinence with links to eight other variables,
and disruptiveness, restlessness and “showing-off” with links to seven other variables.

The third cluster is that of inattentiveness. This cluster has eight variables including
laziness, short attention span, daydreaming and inattentiveness. Its focal nodes are in-
attentiveness with links to seven other variables, and laziness and daydreaming, each with
links to six other variables.

The fourth cluster is that containing expressive problems. There are five variables in
this cluster including dislike for school, repetitive speech, swearing, incoherent speech
and masturbation. All of the nodes’are focal.

The fifth cluster obtained by the similarity measure is that of bad companions. This is
also a five variable cluster containing delinquent friends, stealing and bad companions.
There are three focal nodes in this cluster. These nodes are stealing, linked to three cluster
variables, and loyaity to delinquent friends and jealousy, each linked to two.

THE COMBINED CLUSTERS

The combined use of the similarity and association measures yields five clusters, which
may be labeled inattentiveness, aggressive-temper, depressed withdrawal, anxiety and
uncooperativeness.

The largest cluster s the aggressive cluster with ten variables. These include restlessness,
temper tantrums, fighting and disruptiveness. Its focal nodes are irritability with links to
nine other variables; disruptiveness and fighting with links to seven other variables.

The next cluster is that of anxiety with nine variables including tension, anxiety, crying
and passivity. All nodes are focal.

Inattentiveness has six variables including inattentiveness, daydreaming, laziness and
irresponsibility. Its focal nodes are inattentiveness and laziness which each connect to five
other variabies in the cluster.

The depressed withdrawal cluster also has six variables including drowsiness, with-
drawal. depression and preoccupation. Its focal nodes are preoccupation, social withdrawal
and drowsiness, all linking to three other cluster variables.
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‘The uncooperative cluster has six variables including irresponsibility, uncooperative-
ness and wnirums. The focal nodes are uncooperativeness and irresponsibility with links
to five and four other cluster variabies. respectively.

CISCUSSION OF THE ASSOCIATION. SIMILARITY AN
COMBINED RELATIONS '

Figure 6 illustrates the inter-relationships between the association. similarity. and com-
bined refations. These inter-relationships show that information can be lost when only
one measure of statistical reiationship is used. The clusters of inattentiveness and social
withdrawai. which are distinct in the combined relation, are inseparable in the association
relation. The clusters of social withdrawal and anxiety, which are distinct in the combined
relation. are inseparable in the similarity relation. Finally, the clusters of show-off dis-
ruptiveness and aggressive tempers. which are just barely distinct in the combined relation.
are confused in both the association relation and similarity relation.

The clusiers obtained by the combined similarity and association relation seem to
edit out those variables which tend not to be dominant ones and provide a neater theo-
retical picture of the variable interactions. This editing job is a real aid in the first round
of data analysis when it is important to focus on the main effects. After main effects have
been taken into account, the less dominant variables need to enter the picture and their
place may be discovered upon examination of the association or similarity relation. Hence.
all three relations are useful,

CONCLUSION

A context dependent measure of similarity distinct from a measure of association has
been defined. Two variables are highly similar if and only if their respective associations
with the remaining variables are nearly identical. On the basis of the variable associations,
an association relation R, was defined. On the basis of the variable similarities, a similarity
relation R, was defined. The total relation R was defined as the intersection of R, and R,.
Theclusters for R,, R, and R were each determined using data concerned with the behavioral
problems of deaf children. Both R, and R, combined a pair of clusters which were distinct
in R thereby implying that better clustering results may be achieved with the integrated
use of the similarity-and association measures than with either one of them alone.
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