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Abstract
This paper presents a statistical approach for detecting corners from chain encoded digital arcs. An arc point
is declared as a corner if the estimated parameters of the
two fitted lines of the two arc segments immediately to the
right and left of the arc point are statistically significantly
different. The corner detection algorithm consists of two
steps: corner detection and optimization. While corner detection involves statistically identifying the most likely cornerpoints along an arc sequence, corner optimization deals
with improving the locational errors of the detected corners.
The major contributions of this research include developing a method for analytically estimating the covariance
matrix of the fitted line parameters and developing a hypothesis test statistic to statistically test the difference between the parameters of two fitted lines. Performance evaluation study showed that the algorithm is robust and accurate for complex images. It has an average misdetection
rate of 2.5% and false,alarm rate of 2.2% for the complex
RADIUS images. This paper discusses the theory and performance characterization of the proposed corner detector.

1. Introduction
Corners have long been important two dimensional features for computer vision research. They have been used extensively for matching, pattern recognition, and data compression. Various algorithms have been developed for detecting comers. Comer detection algorithms can be roughly
grouped into two categories: one is based on the detection
directly from the underlying grayscale images; the other is
based on the digital arcs, resulting from edge detection and
linking. Various techniques have been developed for comer
detection from digital arc sequences. The basis for these
techniques is to identify the locations of the endpoints of
each maximal line segment. Different criteria have been
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proposed for detecting comer points including maximum
curvature, deflection angle, maximum deviation, and total
fitting errors [1][5][6][11]. A major problem with existing
approaches is that the employed criterion is not tied to a statistical analysis, therefore rendering existing methods susceptible to noise. To overcome this, we present a statistical
approach for comer detection. Here, the corner criterion
is treated as a random variable and is subject to perturbation. Given an arc segment, a corner is defined to be a point
where two underlying line segments meet and form a vertex, whose included angle is statistically larger than an angle
threshold. The comer detection procedure involves sliding
a Context window of specified length over the arc sequence,
performing a least square line fitting to the arc points located immediately to the left and right of the center of the
window, estimating the parameters of the fitted lines, and
their covariance matrices, and finally performing a hypothesis test to test the statistical difference between the parameters of the two fitted lines. If the difference is significant,
the arc point located in the center of the window is declared
as a comer point. Finally, a comer optimization procedure
is performed to improve the locational errors of the detected
comers.
The major contributions of this research include developing a method for analytically estimating the covariance
matrix of the fitted line parameters and developing a hypothesis test statistic to statistically test the difference between the parameters of two fitted lines. This paper is arranged as follows. In section 2, we state the problem and
present the associated noise and comer models. Section 3
discusses in detail the theoretical aspects of the corner detector. The performance evaluation of the corner detector
is covered in sections 4 and 5. The paper ends in section 6
with a discussion and summary of the proposed approach.

2. Problem statement
A comer point represents a discontinuity in the curvature of a curve. The location of the discontinuity can be
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approximated by the intersection of two straight lines that
underlie the arc segmentsto the right and left of the corner point, Perturbation to the points on the ideal underlying
lines gives rise to the observedarc segments.This section is
concernedwith the definition of the perturbation model and
the comer model.

2.1. Perturbation

Ho : 81~ < t’,

Given an observed sequenceof ordered points from a
linearcsegment,S = {($,,Q,Jln = l,..., N},whereN
is the number of points on the arc segment, the perturbation model assumesthat (0,) &) result from random perturbations to the ideal points (zn, gn), n = 1,. . . , N, constrained to be on the line
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3. Theory for the proposed approach

For a piecewise linear approximation of a curve, comer
points are the end points of each line segment. Thus, an end
point is a comer point if the underlying two line segments
immediately to the right and left of the point meet and form
a vertex, whose included angle is statistically larger than a
given angle threshold. A comer is defined as follows.
Given an observed sequenceof ordered points from an

In this section, we detail the theoretical aspectsof the
developedalgorithm. Specifically, we describe least-square
line fitting, covariancepropagation, and hypothesis testing.

3.1. Least-square

line fitting

To estimate the line parametersfor each arc segment,we
perform a least square line fitting to the arc points. The
least-squarefitting can be formulated as follows:
Assume p5r1t.s(Pn,&J, n = l...N, lie on an arc segment S, resulting from perturbation of ideal points (zn, v,)
locating on the line 2, cos 0 + vn sin 8 - p = 0. Perturbation to eachpoint follow the perturbation model in equation
(1).
To estimate the best fitting line parametersb and i using
the least square method, we need to minimize the sum of
squaredresidual errors:

In = 1,. . ., N} and a point

(a,, &) along the a& segment, the arc point divides the
arc segment S into two sub-segmentsSi and SZ , where
1,...,

(3)
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wheren = l,..., N and & are independently and identically distributed as N(0, a2).

arc segment, S = {

= p1

n=l,...,N;

where 8 and p are the parametersof the underlying line that
gives rise to the observedarc segment. It is further assumed
that the random perturbations are independently and identically Gaussian distributed in the direction perpendicular
to the underlying line. Analytically, the perturbation model
can be expressedas follows:

2.2. Corner

: 812

wh” 012 representsthe population mean of random variable e12.
The hypothesis testing identifies the most likely comer
point along an arc sequence. Specitlcally, given a significant level (Y,the P-value of each observed B12is computed
and compared with CY.If the P-value 5 (Y,the null hypothesis is rejected and the arc point being considered (& , &)
is a comer point. Figure 1 illustratively shows the comer
model just described. In the section to follow, we describe
the theoretical derivations that lead to the solution to the
above hypothesis testing problem.

model

s,cos0+y,sin@-p=O,

HI

In =

k+l,...,
N}. Let 81 and 62 be the estimated orientations
of the two lines that fit to ,S and S2, and 8i2 be the included
angle between the lines, 8i2 is then defined as

Given an included angle threshold Q,, the comer detection problem may be formulated as a hypothesis testing
problem as follows:

(4)
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Then based on [2], CA?, the covariancematfix of the estimated line parameters8 can be computed from:

where Z? is called design matrix, 6 the parameter matrix,
and g = fitfi the scattermatrix. fi and 0 are defined as

where& = cos8andp = sin8

(9)

4; a result, we need to minimize fitsfi subject to h2 +
P = 1. Introducing the Lagrange multiplier A, the function to be minimized can be expressedas
e2 = &ljlh

- x(&b

- 1)

where $$ and $& are evaluated at ideal line parameter 8
and points X, and &x representsthe input perturbation.
From eq(9), we can easily obtain

(5)

where C is referred to as constraint matrix and is defined as

f

Taking partial derivatives of e2 w.r.t. 6 and A, and setting
them to zeros yields the simultaneousequations
S&j-~C~
@&

=
=

0
1

ag2Nx2
-=

0%

.?X

(7)

This system is readily solved by considering generalized
eigenvectorsof eq(6).

3.2. Covariance

2Nx2

For the given perturbation model in equation (l), the input
covariancematrix &x is given by

propagation

The random perturbation on ideal points X=(zn, y,),
n = l,... ,iV,lyingonl.in~s,cos8+y,sin8-p
= 0,
yields observed arc points X = (4,) in), n = 1,. . .;iV.
The use of 2 for estimating line parameter 0 =

0
&X

e
a least square estimate of 0. The per( P >’
turbation accompanyingY? induces a correspondingperturbation on 0. In this section, we will analytically estimate
A@, the perturbation of 0, expressedin its covariancematrix CA@, in terms of the covarkince matrix &X Of 2.
Based on the covariance propagation theory [2], the
scaler criterion function F that needs to be minim&d can
be defined as

d=

Define

and

yjn sin8 - $)2

Define g as follows:
2x1
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After algebraic operations and SimpliEcations,we obtain
CA,

=

(u$

The distribution of the test statistic under null hypothesis is
a non-central Cl&squared with two degreesof freedom.

2>

where the noncendity parameterh is

(10)

Geometrically, k can be interpreted as the signed distance
between a point (x,y) and the point on the line closest to the
origin. As a result, Si representsthe spreadof points along
the line. A larger Si, i.e., points with larger spread along
the line yields better fit as indicated with smaller covariance
matrix trace. In addition, pk is the mean position of the
points along the line. It acts like a moment arm. A larger
pk, i.e., a longer moment arm, can induce more variance to
the estimated fi. Further investigation of eq(l0) reveals that
cri is invariant to coordinate translation and rotation while
ai is variant to coordinate translations that changepk.

Given the test statistic and its distribution, a significant level
of a = 0.01 was selectedto perform the test. If the p-value
of a test is larg:x than c, the null hypothesis is accepted,i.e.,
no comer exists between St and Sa. Gn the other hand, if
the p-value of the test is less than (Y, the null hypothesis is
rejected and the vertex formed by arcs Sr and Sa is declared
a comer.

3.4. Corner

The way in which we have derived the covariance matrix
&e requires that the matrices w
and y
be
known. But X and 0 are not observed. 2 and 0 are observedinstead. So, to obtain an estimatedcovariancematrix
&o, we substitute R and 6 for X and 0 in eq(l0).
3.3. Hypothesis

The set of comer points detectedin a digital arc are only
optimal locally but not globally. It is not globally optimal
becausenot all the points on the arc are used to detect the
comer points. This may result in high locational errors. To
reduce the location errors with the detectedcomers, we perform a comer optimization. The comer optimization, based
on Pavlidis’s discrete optimization method [5], iteratively
shifts the detectedcomer points to produce a better approximation of the arc sequence. While the iterative optimization procedure is guaranteedto terminate with improved location errors, it however.may terminate at a local minimum
rather than at the global minimum.

testing

With covariance matrices computed, we can proceed to
develop a test statistic to decide statistically whether the angular parametersof the two fitted lines differ by a threshold
00. Given two arc segmentsSr and S2, a least-squareline
fitting is performed to Et a line to S1 and a line to Ss using
the method described in section 3,1, thus resulting in estimated line orientation parameters01 and 82. From equation
(lo), we obtain &i, and a&, the estimated variances of 6,
and 62. The hypothesis testing can then be formulated as:
Ho : 42 < 4,

HI : 012 L 80

4. Performance

IO,-

(11)

021

since

Thus, a likelihood ratio test statistic can be designedas follows:
(12)
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evaluation

This section discussesresults from a series of experiments aimed at characterizing the performance of the proposed algorithm using images from the RADIUS database.
A total of 80 model board images are used. Each image
representsan outdoor scene, containing primarily building
structures.The input to the comer detector are sequencesof
arc segmentsresulting from an edge detection and linking
operation. The groundtruth points for these images are obtained by manually annotating the aerial images to delineate
the edgesof the buildings and other structuresin the image
[lo]. The criteria used for the evaluation are misdetection
(MD) and false alarm (FA) rates.
Figure 2 plots the averagefalse alarm rate and misdetection rate versuf the context window length for all images.
It shows as the window length increases, the false alarm
rate decreasesquadratically while the misdetection rate increasesquadratically. A larger context window yields more
data for more accurate statistical analysis, which leads to

where &-, (ranging from 0 to 90 degree) is a user supplied
angular threshold, and 64sis the population mean of random
variable 42, which is defined as
612 =

optimization

a decrease in false alarm rate. Ou the other hand, the assumption of only one corner present in the context win-

dow leads to an increase in misdetection as window size
increases. However, this increase only becomesapparent
after the window size exceedscertain threshold.
Figure 3 gives the averageMD and FA rates versus the
included angle threshold. It shows as the included angle
increases,the false alarm rate tendsto decrease.This is becausewe are looking for building comers,which often have
large included angles. Increasingthe included anglesfilters
out comers with small included angles, therefore reducing
the false alarm rate. On the other hand, increasing the included angle may increasethe n&detection rate. Figure 3
also showsthat while a small increasein the angle threshold
leads to marginal improvement in false alarm, it however
could lead to a dramatic increasein misdetection.
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length and included angle thresholds derived from previous
experiments, i.e., optimal window length of 30 pixels and
optimal included angle threshold of 5 degree. The results

show that the comer detector has an averagemisdetection
rate of about 2.5% and false alarm rate of about 2.2% respectively.

5. Performmce

coxuparison

This section describesresults of evaluating the performance of our comer detector against that of Lowe’s algorithm [4] using both synthetic data and RADIUS data.
The criterion used for the evaluation include both visual
inspection, and false alarm and m&detection rates when
groundtruthdata are available. Lowe’s algorithm has been
widely cited aud was found superior to most comer detection algorithms available [8] [7] [3].
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5.1. Synthetic
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Here we evaluatethe performanceof the two algorithms
using the synthetic curves for polygonal approximation.
Synthetic curves were generatedby sampling the original
model curve consisting of piecewise linear line segments
and by perturbing each sampled pixel with iid Gaussian
noise with mean 0 and variance g2. The reconstructed
test curves c&sist of p&tubed sampled points. Figure 4
showstwo syntheticcurves adaptedfrom thoseof Rosin [7]
and Teh [9] respectively. Figure 5 shows the results from
Lowe’s algorithm (a and b) and our algorithm (c and d). Visually, both algorithms performed equalIy well on the two
curves; but our algorithm outperformed Lowe’s algorithm
for both curves. Lowe’s algorithm tends to detect local
irregularity like small bumps or dips as comers, therefore
yielding a higher false alarm rate.
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Figure
2. Misdetection
and false alarm
rates versus context window length, 80 = 30
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Figure
3. Misdetection
and false
rates versus included angle threshold,
window length being 25 pixels
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Figure
4; Synthetic
test cnrves
from Rosin (a) and Teh (b).

adapted
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5.2. RADIUS
We also study the averageperformanceof the comer detector for all 80 RADIUS imagesusing the context window

A comparisonwas also carried out on 4 different RADIUS images. The goal here is to find the building comers
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data

cc>

form a vertex. The arc point closestto the vertex point is declared as a comer if the angular orientations of the two lines
that form the vertex are statistically significantly different.
Performanceevaluation study showed that the algorithm is
robust and accuratefor complex images. It has an average
urisdetectionrate of 2.5% and false alarm rate of 2.2% for
the complex RADIUS images. The study also revealedthat
our algorithm has consistently outperformed Lowe’s technique on both synthetic and real data, with much lower false
alarm rate. A major factor that contributes to the low false
alarm rate of our algorithm is that we take the perturbation
on the estimatedline parametersinto consideration,allowing us to treat the included angle as a random variable and
statistically test its range. This representsa better model
for comer detection than existing techniques,where the corner criteria like curvaturesor tangent angles are treated as
scalars rather than random variables, ignoring any perturbation they may be subject to and therefore leading to high
false alarm rate for noisy images.

(4

Figure
5. Results of polygonal approximation to the
curves shown in figure 4 using Lowe’s algorithm (a) and (b);
and our algorithm (c) and (d), where window length=50 and
angular threshold=25 Polygons are obtained by connecting
the detected comers.
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